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Abstract. In Source Location (SL) problems the goal is to select a mini- 
mum cost source set S such that the connectivity from S to any node v 
is at least the demand d v of v. In Network Augmentation (NA) problems 
we are given a graph G — (V,E) and an edge-set F on V, edge-costs 
on F or node-costs on V, and connectivity requirements {r sv : sv £ D} 
on a set D of "demand edges". The goal is to compute a minimum 
cost edge-set I C F, such that in the graph G + I, the connectivity of 
each sv £ D is at least r sv . In Rooted NA D is a star with center s, 
and in a-Based NA F is a star with center a. We suggest a notion of 
(/-connectivity, where every node v has a capacity q v > 1 that represents 
the resistance of v to failures. We show that a large class of SL problems, 
including the variants that appear in the literature, is a particular case of 
g-connectivity s-Based Rooted NA problems. We use this to derive some 
approximation algorithms for SL from those for NA, as well as to derive 
some new results for SL problems. Some of our results are as follows. 

(i) We show that the (1 + In |D|)-approximation algorithm of [TJ] for a- 
Based NA with edge-costs has ratio 1 + ln minF^2 uveD r uv , \D\ -pmax} 
for the g-connectivity version with node-costs, where jWx is the 
maximum number of parallel edges in F. In particular, this implies 
by a simple proof the (l + In ^2 vSV d„) -approximation algorithms of 
Sakashita, Makino, and Fujishige [19] for three SL variants. More- 
over, we will show that this is so whenever the connectivity function 
is submodular. 

(ii) For undirected a-Based NA we give an approximation algorithm with 
ratio min{fc,p max In k} ■ 0(ln k) for node-costs and 0(ln 2 k) for edge- 
costs; the latter improves the ratio 0(k) of Fukunaga [5]. 



1 Introduction 



1.1 Problems considered and relations between them 

In this paper we suggest a unifying approach to handle Source Location problems 
via Rooted Network Augmentation problems. In Source Location problems the goal 
is to select a minimum cost source set S such that the connectivity from S to any 
other node v is at least the demand d v of v. In Network Augmentation problems 
the goal is to augment a given graph by a minimum-cost edge-set such that the 
new graph satisfies prescribed connectivity requirements. Formally, the generic 
versions of these problems are as follows. Given a function w — {w u : u £ U} on 



a groundset U and U' C U, let w{U') = J2 u eU' Wu - If w is a cost function on U 
and / is an edge-set on U, then the cost (or the node-costs) w(I) of I is defined 
to be the cost of the set of the endnodes of I. Also, let u> max = max u g(/«i u 
denote the maximum value of w. 



Source Location (SL) 

Instance: A graph G = (V, E) with node-costs c = {c v : v G V}, connectivity 
demands d = {d v : v G V}, and connectivity function ip : 2 V x V — >• Z+. 
Objective: Find a minimum cost source node set SCF such that tp(S, v) > d„ 
for every u£l/. 



Network Augmentation (NA) 

Instance: A graph G = (V, E) and an edge-set F on V, a cost function c 
on _F or on V, connectivity requirements r = {r s „ : sv £ I?} on a set D of 
demand edges on V, and a family {f sv : 2 F —> Z+ : sv G Z?} of connectivity 
functions. 

Objective: Find a minimum-cost edge-set I C. F such that f sv (I) > J"st> for 
every su G D. 



In NA problems, typical connectivity functions are as follows. 

• Edge-connectivity Ag(s, v) is the maximum number of pairwise edge disjoint 
si>-paths in G. 

• Node- connectivity kq(s,v) is the maximum number of pairwise internally 
disjoint su-paths in G. 

• Q- connectivity Xq(s,v) for given Q C V, is the maximum number of sv 
paths no two of which have an edge or an internal node in Q in common. 
Note that Q-connectivity reduces to edge-connectivity if Q = 0, and to node- 
connectivity if Q = V; namely, Xq(s,v) = Ag(s, v) and Xq(s,v) — kg(s,v). 

The corresponding versions of NA are edge-connectivity NA when f sv {I) = 
Xg+i{ s ; v ); node-connectivity NA when f S v(I) = kg+i{s,v), and Q-connectivity 
NA when f sv (I) = X G+I (s,v). 

Most papers that considered SL problems defined (S, u)-edge-connectivity 
Xg(S,v) as the maximum number of pairwise edge-disjoint (S, u)-paths. On the 
other hand, several definitions were used for (5, w)-node-connectivity k(S,v); in 
most of these definition n(S, v) — oo if v G S. Here we suggest a definition that 
captures previous definitions as particular cases. 

Note that Xq(s, v) is the maximum su-flow value, where edges and nodes in 
Q have unit capacities, while the capacity of the nodes in V \ Q is oo. Hence the 
Q-connectivity function Xq(s, v) is the max-flow/min-cut value function in G 
with node-capacities in {1, oo} and unit edge capacities. In Definition [1] below, 
this is generalized as follows. Every node v has capacity q v (the resistance of v 
to failures), and an amount p v of flow-supply that v can deliver to any other 
node (including itself) if v is chosen to be in the source set S. 



Definition 1. Let G = (V, E) be a graph with node- capacities {q v : v G V}. For 

S C V and v G V the (S,v)-q- connectivity Xq(S,v) is the maximum flow value 
from S to v (every edge has capacity I). Equivalently, X q G {S,v) is the minimum 
capacity of a cut C C El)V\{v} such that G\C has no (S,v)-path. Given flow- 
supplies {p v : v G S}, the (S,v)-(p,q)- connectivity \Q q (S,v) is the maximum 
{s,v)-flow value Xq,(s,v) in the network G' obtained by adding to G a new node 
s and connecting it to every u G S with p u edges; hence, Xq Q (S, v) = p v +X G (S, v) 
if v e S, and if p v > q v for every v G S then XQ q (S,v) = X G (s,v). 

Note that Xq{S, v) — X G q (S,v) for p v — oo and q v = oo for every v G V, 
and that X G (s 7 v) — X G (s,v) for q v = 1 if v € Q and q v = oo otherwise. Now we 
mention some node- connectivity functions tp that appear in the literature, and 
show that they are particular case of the (p, (^-connectivity function X^ q with 
Pv, q v G {1, oo} and q v < p v . 

1. k(S, v) is the maximum number of (S, v) -paths no two of which have a com- 
mon node in V \ (S U v) if v £ S, and n(S, v) = oo otherwise; equivalently, 
k(S,v) is the minimum size |C| of a cut C C EU^\(SU {v}) such that 
G\C has no (5, w)-path. 

For directed graphs, k-SL is equivalent to A-SL by the following (approxima- 
tion ratio preserving) standard reduction: replace every v £ V by two nodes 
v m , v out connected by an edge v m v out , and replace every edge uv e E by an 
edge u out v m ; each node v out inherits the cost and the demand of v, while 
v m has cost oo and demand 0. It is not hard to verify that S is a feasible 
solution to the original instance with connectivity function n if, and only if, 
gout _ | w o«t : w (= 5} i s a feasible solution to the obtained instance with the 
edge-connectivity function A. For undirected graphs, we do not see that n is 
a particular case of X^ q , but we are also not aware on any work on undirected 
k-SL problems. 

2. k(S, v) is the maximum number of (S, v)-paths no two of which have a com- 
mon node in V \ {v} if v £ S, and k(S 7 v) = oo otherwise; equivalently, 
k(S, v) is the minimum size |C| of a cut CC£Ul'\ ({«}) such that G\C 
has no (S, -y)-path. 

Then k(S, v) — Ag 9 (5, v) for p v — oo and q v = 1 for every v e V. 

3. k'(S, v) = k(S, v) if v £ S and n'(S, v) = 1 + k(S \ {v}, v) if v E S; equiva- 
lently, v) is the minimum size \C\ of a cut C C E U V \ ({«}) such that 
G\C has no (S \ {v}, u)-path. 

Then k'(S, v) = X(j q (S, v) for p v — 1 and q v = 1 for every v G V. 

Given an instance of SL or of NA, let k denote the maximum demand <i max = 
max ve y d v or the maximum requirement r max — max ut , e £) r uv . Note that in SL 
problems with ip(S 7 v) — Ag 9 (S', v), we may always assume that p v < k, and 
it is also reasonable to assume that 1 < q v < p v (as in the above versions). 
We consider a relation between such (p, g)-connectivity versions of SL and q- 
connectivity versions of NA, that formally are defined as follows. 



Survivable Source Location (SSL) 

This is SL with connectivity function ip(S, v) = Aq 9 (iS', v) and 1 < q v < p v < k 
for all v 



Survivable Network Augmentation (SNA) 

This is NA with connectivity functions f sv {I) = •^g+/( s '' 1 ')- 



Now we define several particular important cases of NA. 



Rooted NA 

A particular case of NA when D is a star, whose center we denote by s. 



a- Based NA 

A particular case of NA when F is a star centered at a. 



Connectivity Augmentation is a particular case of Q-connectivity SNA, when 
any edge can be added to G by a cost of 1. 

a-Based Connectivity Augmentation is a particular case of Q-connectivity SNA, 
when any edge leaving a can be added to G by a cost of 1. 

The a-Based Connectivity Augmentation problem was defined in [12] . where it 
was also shown to admit a (In r(D) + l)-approximation algorithm. The study of 
this problem in [12] is motivated by the following observation. 

Observation 1 (|12j) If directed a-Based Connectivity Augmentation admits ap- 
proximation ratio p, then directed Connectivity Augmentation admits the following 
approximation ratios: 2p if Q ^ V, and 2kp ifQ = V. 

For an edge-set /graph J let Sj(X) denote the set of edges in J from X to 
V\X. This paper is motivated by a recent paper of Fukunaga [5], that defined the 
connectivity function k', and observed that k'-SSL is equivalent to the particular 
case of s-Based Rooted SNA with edge-costs and with |<5g(s)| = c(s) — 0. Here 
we further observe the following. 

Observation 2 For both directed and undirected graphs, SSL is equivalent to 
s-Based Rooted SNA with node-costs and with \5g{s)\ = c s = 0. 

Proof. The reduction is essentially the one in Definition [T] Given an instance of 
SSL construct an instance of s-Based Rooted SNA as follows: add to G a new 
node s of cost 0, and for every v € V set r sv = d v and put a v edges from s to 
v into F. Conversely, given an instance of s-Based Rooted SNA with node-costs 
and |#g(s)| = c s = 0, construct an instance of SSL as follows. Remove s from G, 
and for every v S V set p v is the number of edges in F from s to v and d v = r sv . 
In both directions, it is not hard to see that S is a solution to the SSL instance, 
if, and only if, the edge set / of all edges in F from s to S is a solution to the 
s-Based Rooted SNA instance, and clearly / and S have the same node-cost. □ 



Note that in the above reduction, we have the following. 

— The case of uniform demands (namely, d v = k for all v G V) in SSL corre- 
sponds to the case of rooted uniform requirements (namely r sv = k for all 
v G V \ {s}) in s-Based Rooted SNA. 

— The case of unit costs (namely, c v = 1 for all v G V) in SSL corresponds to 
the version of s-Based Connectivity Augmentation with node-costs, when we 
can pick p v edges from s to v by a cost of 1. 

Let us illustrate the usefulness of above relation between the two problems. 
Directed Rooted SNA with edge-costs and uniform requirements r sv — k for 
all v G V can be solved in polynomial time [4]; this easily implies that also 
undirected Rooted s-Based SNA with edge-costs can be solved in polynomial 
time. Thus the same holds for k'-SSL, since k'-SSL is a particular case of s-Based 
Rooted SNA with edge-costs. Frank [3j showed that directed s-Based Connectivity 
Augmentation with Sg(s) — is NP-hard. Using a slight modification of his 
reduction we can show that the problem is in fact Set-Cover hard to approximate, 
and thus is f2(logn)-hard to approximate. Given an instance of Set-Cover, where 
a family A of sets needs to cover a set B of elements, construct the corresponding 
directed bipartite graph G' = (A U B, E'), by putting an edge from every set to 
each element it contains. The graph G = (V, E) is obtained from G' by adding 
M copies of B, connecting A to each copy in the same way as to B, and adding 
a new node s. Let F = {sv : v G V}, c(e) = 1 for every e G F, and r sv = if 
v G A and r sv = 1 otherwise. It is easy to see that if I C F is a feasible solution 
to the obtained Rooted s-Based SNA instance, then either / corresponds to a 
feasible solution to the Set-Cover instance, or |/| > M. The f2(logn)-hardness 
follows for M large enough, say \M\ = (\A\ + \B\f , and \A\ = \B\. Since for 
k — 1 all connectivity functions of SSL are equivalent, we get f2(\ogn) hardness 
for directed SSL with k = 1 and unit costs. We summarize this as follows. 

Corollary 3. Directed SSL for k = 1 and unit costs is f2(\ogn)-hard to ap- 
proximate. Directed/undirected k'-SSL with uniform demands can be solved in 
polynomial time. 

1.2 Previous work 

The previously best known approximation ratios and hardness of approximation 
results for SL problems with connectivity functions A, k, k, k' , including the ones 
in Corollary [3l are summarized in Table 1; see also a survey in |15j . 

Some additional results are as follows. Ishii, Fujita, and Nagamochi [718] 
showed that undirected SSL with k can be solved in polynomial time for k < 3, 
but is NP-hard if there exists a vertex v G V with d(v) > 4. Barasz, Becker, 
and Frank [5] gave a strongly polynomial time algorithm for edge-connectivity 
directed SSL with uniform demands. Several generalizations of source location 
problems can be found in |20|9|14j . 
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Table 1. Previous approximation ratios and hardness of approximation thresholds for 
SL problems. GC and UC stand for general and uniform costs, GD and UD stand for 
general and uniform demands, respectively. 



1.3 Our results 

Observations [T] and [2] motivate the study of the a-Based SNA problem. Interes- 
tingly, the algorithms of 19 for SL with connectivity functions A,k, k, and 
the algorithm of [H] for a-Based Connectivity Augmentation both use the same 
method of reducing the problem to a submodular covering problem. Now we 
see that is not a coincidence, since by Observations [T] and both problems are 
particular cases of the a-Based SNA problem. Furthermore, we will show by a 
simple proof that such a reduction is possible whenever the connectivity func- 
tion is submodular and non-decreasing. A set function / on U is submodular if 
f(X) + f(Y) > f(XDY) + f(XUY) for all X, Y C U, and / is non-decreasing if 
f(X) < f(Y) for all X C Y C U. Our first result is obtained by observing that 
the algorithm of [T^] for a-Based Connectivity Augmentation extends to a-Based 
NA with arbitrary submodular non-decreasing connectivity function, for both 
edge-costs and node-costs, as follows. Recall that for an a-Based SNA instance, 
Pmax denotes the maximum number parallel edges in F, and that p max < k. 

Theorem 1. If for a directed a-Based SNA instance each function f uv {I) is 
submodular and non- decreasing, then the problem admits an approximation al- 
gorithm with ratio 1 + lnmin{r(_D), a}, where a — niax^] OTgI) / m ({e}) in the 

case of edge costs, and a = niax^ utlFlJ f U v{o~F{z)) in the case of node costs. 

In Section [3] we prove that for a-Based SNA instances, the set-function on 
F defined by f U v{I) = Ag, +J (u,w) is submodular and non-decreasing, and that 
ma - x J2uveD fuv({e}) < \D\ and max^ D f uv (6 F (z)) < \D\ -p max , where j? max 
is the maximum number of parallel edges in F. 



Theorem 2. Directed a-Based SNA admits approximation ratios 1 + ln|D| for 
edge-costs and 1 + lnmin{r(D), \D\ ■ p max } for node-costs. Thus directed SSL 
admits approximation ratio 1 + lnniin{r(D), \D\ ■ p max }. 

We note that for both SSL and SNA, an approximation ratio p for directed 
graphs implies approximation ratio 2p for undirected graphs. Usually, undirected 
connectivity problems are easier to approximate than the directed ones. Directed 
SSL is already Set-Cover hard even for k = 1 and unit costs, but for undirected 
SSL with k = 1 (and even with k = 2) it is not hard to obtain a polynomial 
time algorithm. Hence a natural question is whether undirected SSL admits an 
approximation ratio that depend on k only. As was mentioned, Fukunaga [5] 
observed that Q-connectivity SSL with Q = V is equivalent to s-Based Rooted 
SNA with edge-costs. Since undirected Q-connectivity Rooted SNA with edge- 
costs admits ratio 0(k Ink) [T7], so is Q-connectivity SSL with Q = V. However, 
Connectivity Augmentation admits ratio 0(ln 2 £;) for rooted requirements [T8] . 
and a natural question to ask is whether the algorithm of 18] extends to s- 
Based Rooted SNA. 

Theorem 3. Undirected a-Based SNA admits the following approximation ra- 
tios, where H(k) = V* denotes the kth Harmonic number. 

(i) For edge-costs, Y% =1 < H{k)-H{A t ) = 0(ln 2 k), where zA £ = {At - if; 
s-Based Rooted SNA admits ratio Y%=i "k-e+i - H ^ ' H ( 2k ~ X )- 

(ii) For node-costs, J2e=i H (^e) min | fc Pm /+i » l j ^ m m{k,p max H(k)} ■ H(A k ); 
s-Based Rooted SNA, and thus also undirected SSL, admits ratio 

£ti ~ 1) min {^m^ i} < min{fc,p max • H(k)} ■ H(2k - 1)}. 

Part (ii) implies that undirected SSL admits approximation ratio that de- 
pends on k only; this ratio is better than the one implied by Theorem [2] for 
k = o ( „ ) ■ Furthermore, it improves the ratio O(klnk) of Fukunaga [5] for 
k'-SSL to 0(ln 2 k), since we have p m ax = 1 in this case. 

Theorems [TJ [21 and EJ are proved in Sections [21 El and [H respectively. 

2 Proof of Theorem Q] 

We use a result due to Wolsey [23] about a performance of a greedy algorithm 
for submodular covering problems. A generic covering problem is as follows. 

Covering Problem 

Instance: A groundset U with costs {c u : u G U} and an integer function g 
on 2 U given by an evaluation oracle. 

Objective: Find A C U of minimum cost such that g(A) — g(U). 

The Greedy Algorithm starts with A = and as long as g(A) < g{U) repea- 
tedely adds to A an element u £ U \ A such that s(Au{u})-g(A) ^ g maxmlum _ 



In [23] it is proved that if p is non-decreasing and submodular, and if p{%) = 0, 
then the greedy algorithm has approximation ratio 1 + lnmax ug (/ g(u). 

We start with the case of edge-costs. Then the function g is defined in the 
same way as in JT2]. We have U — F and for I C F 

g(I) = r(D)- max{r(u,v) - fuv(I),0}. 

uv£D 

It is not hard to verify that / is a feasible solution to NA instance if, and only if, 
g(I) — g(F) — r(D), that g(%) = 0, and that g is non-decreasing. Also, we have 

maxg({e}) = r(D) — max > max{r(u, v) — f U v({e}),0} < mux{r(D),ct} . 

uv£LD 

We show that g is submodular. A set function h is supermodular if —h is 
submodular. It is known (c.f. [5T]) that if h is supermodular, then r + h is 
supermodular for any constant r, and that max{/i,0} is supermodular. Thus 
the function h uv (I) = max{r(u,w) — /«„(/), 0} is supermodular. As a sum of 
supermodular functions is also supermodular, we obtain that g is submodular. 

Now let us consider node-costs. For S C V let F$ denote the set of edges in 
F from a to S, and let ft v (S) = f uv (F s ). We have U = V and for S C V let 

g'(S)=r(D)- £ m & x{r(u,v)-f uv (S),0}. 

uv£D 

As in edge-costs case, it is not hard to verify that S is a feasible solution to an 
NA instance if, and only if, g'(S) = g'(V) = r(D), that g'{%) = 0, and that g' is 
non-decreasing. Also, we have 

max g'({z}) = r(D) - max V max{r(u, v) - f uv {{z}), 0} < min{r(D), a} . 

uv£D 

We show that <?' is submodular. We claim that the submodularity of /(/) 
implies that f'(S) is submodular. This is not true in general, but holds if F is a 
star, and hence for a-Based NA instances. More precisely, it is not hard to verify 
the following statement, that finishes the proof of Theorem [T] 

Lemma 1. Let (V, F) be a graph and let f be a submodular set function on 
F. If F is a star, then the set function on V defined by f'(S) = f(Fs) is also 
submodular. □ 



3 Proof of Theorem H 

All graphs in this section are assumed to be directed. Theorem [5] will follow from 
Thcorcm[T]and the following Lemma, whose parts were implicitly proved in |12j . 

Lemma 2. For any directed a-Based SNA instance, for any s,v £ V, the set- 
function fsv(I) — Aq +/ (s,i>) on F is submodular and non- decreasing. Further- 
more, max fsv{{e}) < \D\ and max J2 fsv(o~F(z)) < \D\ -p max . 

eeF sv£D zeV svED 



In the rest of this section we prove Lemma [3J Let s, v G V. It is easy to see 
that fsv(I) — is non-decreasing. Also, it is clear that f S v(I) < \I\ for 

any I C F, and thus f sv ({e}) < 1 for any e € F and / s „(6f(-<0) < |$f(2)| < Pmax- 
Thus it remains to prove that /(J) = fsv(I) = A G+J (s,i>) is submodular. For 
that, we will use the following known characterization of submodularity, c.f. [21/. 
A set-function f on F is submodular if, and only if 

/(Jo U {e}) + /(/„ U {e'» > /(J ) + /(J U {e, e'}) VJ C F, e, e' € F \ J 

Let us fix Jo C F. Revising our notation to G <— G + Iq, F «— F \ Jo, and 
denoting /i(J) = /(Jo U J) — /(Jo), we get that / is submodular if, and only if 

fc({e}) + fc({e'}) > h({e, e'}) Ve, e' E F . 

In our setting, = A G+J (s, u) — A G (s,v) is the increase in the (s,v)-q- 

connectivity as a result of adding / to G. Thus < h(I) < \I\ for any JCF, 
so < /i({e, e'}) < 2. If /i({e, e'}) = 0, then we are done; if h({e, e'}) = 1, then 
we need to show that h({e}) = 1 or h({e'}) = 1; and if h({e,e'}) — 2, then we 
need to show that h{{e]) — 1 and h({e'}) = 1. We prove the following general 
statement, that implies the above. 

Lemma 3. Let G = (V, E) be a directed graph with node capacities {q v : v G V}, 
let I be a set of edges on V disjoint to E, let s,t EV , and let h = Ag +J (s,£) — 
Aq(s, t). Then there is J C I of size \ J\ > h such that (s,t) = \q{s, t) + 1 

for every e £ J. 

Proof. Since we consider directed graphs, it is sufficient to prove the lemma for 
the case of edge-connectivity. For that, apply the following standard reduction 
that eliminates node capacities: replace every v G V r \{s, t} by two nodes v m , v out 
connected by q v parallel edges from v m to v out and replace every edge uv G 
E U F by an edge from u out to v m . Hence we will prove the lemma for the edge 
connectivity function A. Let us say that S C V is tight if s G S, v £ S, and 
|5g(5)| = Xc(s,v). Let T be the family of tight sets. By Menger's Theorem T 
is non-empty. It is known that J 7 is a ring family, namely, the intersection of all 
the sets in T is nonempty, and if X, Y G J- then X n Y, X U Y G T . Then T has 
a unique inclusion- minimal set iSmm and a unique inclusion-maximal set S'max- 
Let J = {uv G I : u G 5 m i n , v £ V \ S max } be the set of edges in I that go from 
S min to V\ S'max. By Menger's Theorem, \J\ > h, and A G+{e} (s, t) = A G (s, t) + l 
for any e G J. The statement follows. □ 

The proof of Theorem [2] is complete. 
4 Proof of Theorem [3] 

Here we prove Theorem [3) All graphs in this and the next section are assumed 
to be undirected, unless stated otherwise. We start by considering the edge-costs 
case, and then will show that it implies the node-costs case by reductions. 



Definition 2. An ordered pair X = (X,X + ) of subsets of a groundset V is 
called a biset if X C X + ; X is the inner part and X + is the outer part of X, 
and r(X) = X + \ X is the boundary of X. An edge e covers a biset X if it has 
one endnode in X and the other in V\X + . For a biset X and an edge- set/ graph 
J let Sj(X) denote the set of edges in J covering X . 

Given an instance of SNA and a biset X on V, let the requirement of X be 
r(X) = max{r u „ : uv G 5 D (X)} if 5 D (X) / and r(X) = otherwise. By 
the g-connectivity version of Menger's Theorem (c.f. [11]), / C F is a feasible 
solution to an SNA instance if, and only if, |<5/(X) > h(X) for every bisets X 
on V, where h is a biset-function defined by 

h(X) = max{r(X) - (q(r(X)) + \S G (X)\),0} (1) 

Let Vh denote the polytope of "fractional edge-covers" of h, namely, 

V h = |a; G R F : x (s F (Yfj > h(Y) V biset Y on V, < x e < 1 Ve e f\ . 

Let r*(h) denote the optimal value of a standard LP-relaxation for edge covering 
h by a minimum cost edge set, namely, r*(h) = min {^2 eeF c e x e : x 6 V\- 

As an intermediate problem, we consider SNA instances when we seek to 
increase the connectivity by 1 for every uv G D, namely, when r uv = X q G {u 1 u) + l 
for all uv G D. 



D-SNA (the edge-costs version) 

Instance: A graph G = (V, E) and an edge set F on V, node-capacities 
{q v : v G V}, a cost function c on F, and a set D of demand edges on V. 
Objective: Find a minimum cost edge-set / G E such that Xq +i (u 1 v) > 
Xq(u, v) + 1 for all uv G D. 



Given a Z3-SNA instance, we say that a biset X is tight if h(X) — 1, where 
h is defined by (TTJ). £>-SNA is equivalent to the problem of finding a minimum 
cost edge-cover of the biset family T — {X : h(X) = 1} of tight bisets. Thus the 
following generic problem includes the Z5-SNA problem. 

Biset-Family Edge-Cover 

Instance: A graph (V, F) with edge-costs and a biset family T on V. 
Objective: Find a minimum cost .F-covcr / C F. 



For a biset-family T let r* (T) denote the optimal value of a standard LP- 
relaxation for edge covering J 7 by a minimum cost edge set, namely, t*(!F) = 
r*{h) for h(X) = 1 if X G T and h(X) = otherwise. 

Proposition 1. Suppose that a-Based D-SNA with edge-costs admits a polyno- 
mial time algorithm that computes a solution of cost at most p{k)r*{F), where 
J- is the family of tight bisets. Then a-Based SNA admits a polynomial time 
algorithm that computes a solution I such that: 



— For edge-costs, c{I) < T*(h) ■ ^2t=i k-I+i > w ^ ere h * s defined by fip. 

— For node-costs, c(J) < opt • Yle=i p{&) ' mm | u-l+i ' •"•}• 

Proof. We start with the edge-costs case. Consider the following sequential algo- 
rithm. Start with 7 = 0. At iteration i = 1, . . . , k, add to I and remove from F 
an edge-set Ie C F that increases by 1 the g-connectivity of G + I on the set of 
demand edges Di — {sv : Xq +i (s, v) — r(s, v) — k + £ — 1, sv € D}, by covering 
the corresponding biset-family Ti using the p-approximation algorithm. After 
iteration I, we have Xq +i (s,v) > r(s,v) — k + £ for all sv £ D. Consequently, 
after k iterations Ag +J (s, v) > r(s,v) holds for all sv 6 D, thus the computed 
solution is feasible. The approximation ratio follows from the following two ob- 
servations. 

(i) c(Ii) < p(£) ■ t* (J-g). This is so since X(s, v) < £ — 1 for every sv 6 Di, hence 
the maximum requirement at iteration £ is at most £. 

(ii) t*{T() < £$f. To see this, note that if Y G F £ and x e P h then x(5(Y)) > 
k — £ + 1, by Menger's Theorem. Thus x/(k — £ + 1) is a feasible solution for 
the LP-relaxation for edge-covering Tg, of value c • xj[k — I + 1). 

Consequently, c(I) = c{h) < ELi ' = ^ W ' Eti S^T- 

Now let us consider the case of node-costs. Then we convert node-costs into 
edge-costs by assigning to every edge e = av the cost c'(e) = c(v). Let opt' 
denote the optimal solution value of the edge-costs instance obtained. Clearly, 
opt < opt' < p max • opt. Note that any inclusion minimal solution to an a-Based 
Z?-SNA instance has no parallel edges. This implies that c(Ie) < p(£)-opt and that 
c{h) = c'{h). The latter implies c{h) = c'{h) < p{l) ■ < p{£) -opt' ■ 

and the statement for the node-costs case follows. □ 

In the next section we will prove the following theorem, that together with 
Proposition [T] finishes the proof of Theorem [3] 

Theorem 4. For edge-costs, undirected a-Based _D-SNA admits a polynomial 
time algorithm that computes a feasible solution I of cost c{I) < H(Ak) ■ t*(!F), 
and c{I) < H(2k — 1) • t*(J-) if D is a star with center s = a, where T is the 
family of tight bisets. 



5 Proof of Theorem [4] 

Recall that D-SNA is equivalent to Biset-Family Edge-Cover with T being the 
family of tight bisets; in the case of rooted requirements, it is sufficient to cover 
the biset-family T s — {X € J- : s G V \ X + }. Bisct-familics arising from SNA 
instances have some special properties, that are summarized in the following 
definitions. 

Definition 3. The intersection and the union of two bisets X, Y is defined by 
Any = (Any,A+nr+) and XUY = (Auy,A+UF+). The bisetX\Y is 
defined by X \Y = (A \Y+ , A+ \Y). We write X CY and say that Y contains 
A if X C y and X + C Y + . Let Cjr denote the inclusion-minimal bisets in T . 



Definition 4. Two bisets X,Y covered by an edge-set D are Z?-independent if 
for any xx' , yy 1 G D such that xx' covers X and yy' covers Y , {x, x'}nr(Y) ^ 
or {ViV'} C\T{X) ^ 0; otherwise, X,Y are D-dependent. We say that a biset 
family J- is Z?-uncrossable if D covers T and if for any D -dependent X,Y G T 
the following holds: 

XnY,XUYeTorX\Y,Y\XET. (2) 

Similarly, given a set T C.V of terminals, we say that X,Y are T- independent 
ifXDTC r(Y) orifYDT C r(X), andX,Y are T- dependent otherwise. We 
say that T is T -uncrossable if T covers the set-family of the inner parts of J- ' , 
and if (0) holds for any T -dependent X,Y G T . 

A biset-family T is symmetric if X G T implies (V\X + , V\X) G T . Clearly, 
the family of tight bisets is symmetric. We will use the the following fundamental 
statement, that was implicitly proved in |18j . 

Lemma 4 Q18J). The family T of tight bisets is D -uncrossable, and if D is a 
star with center s and leaf-set T then {X G T : s ^ X + } is T -uncrossable. 

For a biset-family C let -f C = max{|/ n (C')| : C G C}. Note that if T is 
the family of tight bisets then 7jr < k — 1. Given an instance of Biset-Family 
Edge-Cover, we will assume that the family C of the inclusion members of T 
can be computed in polynomial time. We note that for T being the family of 
tight sets, this step can be implemented in polynomial time, c.f. |18j . Under this 
assumption, we prove the following generalization of Theorem F|l 

Theorem 5. For edge/node- costs, a-Based Biset-Family Edge-Cover admits a 
polynomial time algorithm that computes a cover I of J 7 such that: 

(i) c(7) < H ^(47c + l) 2 ^ • T*(7 r ) if J- is symmetric and D -uncrossable. 

(ii) c(J) < H{2 1c + 1)-t*(T) if J 7 is T -uncrossable and a G V\X+ for all X 6 T. 

In the rest of this section we prove Theorem [5] 

Definition 5. A node set U C V is a C-transversal of a hypergraph (set-family) 
C onVifU intersects every set in C; if C is a biset-family then U should intersect 
the inner part of every member of C. Given costs {c v : v G V}, let t*(C) denote 
the minimum value of a fractional C-transversal, namely: 

t*(C) = min{^ c v x v : x{C) > 1 VC G C, x{v) > Vv G V} . 
vev 

In [T8], the following is proved. 

Theorem 6 ( [18j ) . Let J 7 be a biset-family and let C be the family of the inclu- 
sion members of T . Then the maximum degree in the hypergraph {C : C G C} is 
at most: 



(i) (47c + l) 2 if T is D-uncrossable. 

(ii) 27c + 1 if J- is T-uncrossable. 



Given a hypergraph (V, C) with node-costs, the greedy algorithm computes 
in polynomial time a C-transversal U C V of cost c(U) < H (A(C))t* (C) , where 
A(C) is the maximum degree of the hypergraph (c.f. |13j). 

Lemma 5. If an edge-set I covers a biset-family J- then the set of endnodes of 
I is a transversal of J- . 

Lemma 6. Let J- be a biset family on V and I a star with center a on a transver- 
sal U C V of J 7 . Then I covers T in each one of the following cases. 

(i) J- is symmetric and a ^ r(X) for all I £ J. 

(ii) aeV\X+ for all X E T. 

Proof. Let IeJ. Then aeXoiaeV\ X+. If a G V \ X+, then since U is 
a transversal of C, there is u G U D X. If a G X, then if J 7 is symmetric, then 
there u G [/ (~1 (V \ -^ + )- In both cases, there is an edge au G I, and this edge 
covers X. □ 

The algorithm as in Theorem for both edge-costs and node-costs is as 
follows, where in the case of node-costs we may assume that the cost of a is zero. 

1. For every v G V\{a}, let e v be the minimum-cost edge incident to v, and 
in the case of edge-costs define node-costs c v = min e ^s F (v) c & if 5f(v) ^ 0, 
and c v — 00 otherwise. 

2. Let C be the family of the inclusion members of J- . With node-costs 
{c„ : v G V}, compute a transversal f7 of C of cost c(U) < H (A{C))t* (C) . 

3. Return 7 = {e v : v £ [/}. 

The solution computed is feasible by Lemma [6] The approximation ratio 
follows from Theorem [6] and Lemma [5] 
The proof of Theorem 0] is complete. 

Acknowledgment I thank Takuro Fukunaga for many useful comments and 
for his help in filling Table 1. 
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